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Abstract 
Image acquisition has great influence on the performance of any computer vision application. Different methods can be 
utilized to acquire the digital image of a paper, whilst scanning scheme is among the most attractive methods. This 
attractiveness is because of the fewer types of potential deformations and the low cost of the scanning devices, e.g. flatbed 
scanners. However, paper is commonly placed imperfectly on the scanner. This slight rotation is not usually based on a 
pivot around the paper’s geometrical center (the well known regular rotation) but instead it is based on a pivot placed at the 
corner of the paper. Thus, the result is a digital image that is deformed with an “irregular rotation”. The characteristic of this 
deformation phenomenon is currently unknown to computer vision scientists. In this paper we provide an extensive 
investigation of this deformation. In addition, a new set of equations that sway and measure the transformation is proposed. 
Our investigation leads to the conclusion that the “irregular rotation” phenomenon produces a shear transformation. 
Furthermore, the experimental results confirm the theoretical findings.  
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1. Introduction: 
Image acquisition is one of the most important stages in computer vision systems. The goal of this stage is to 
generate a digital image from a physical scene such that the produced image can be saved, read, processed and 
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manipulated by the computer. In the case of a paper, its image can be acquired with two types of sensors: i) 
movable sensors such as microscopic digital cameras or lasers and ii) non-movable sensors such as normal 
flatbed scanners. Investigating the challenges of these image acquisition methods is a very important task 
because the acquired image represents the input to any computer vision system. These challenges lie in two 
main aspects. The first aspect: the cost of the capturing device and the second is the type of potential 
deformations. 
In terms of cost and availability, adoption of movable sensors usually requires utilization of sophisticated 
devices that are expensive and not available to public researchers (e.g., the work proposed in [1], [2] and [3]). 
Alternatively, flatbed scanners are both widely available and cheap (for example, the reader can refer to [4], [5] 
and [6]).  
The second aspect is the naturally originated deformations, whereas the deformations are inherent 
characteristic to pattern acquisition. The core challenge is the natural slight position variation that makes 
capturing two identical patterns from the same physical scene almost impossible [6]. 
Due to their varying characteristics, image acquisition methods produce images with different types of 
transformations. The movable sensors usually produce images that are affinely transformed, i.e., scaled, rotated, 
and/or translated, while the non-movable sensors may produce images that only exhibit Euclidian 
transformations, i.e., a rotation, translation and/or reflection. To reduce the effects of these deformations, 
various methods have been developed. The primary purpose of these methods is to extract invariant features 
descriptors that are independent of the effects of the deformations from the digital images. 
Recently, during our investigation of flatbed scanners, we noted that the image is easily deformed by a slight 
paper rotation. During the scanning process, the deformation is generated by a rotation with its pivot placed at 
the corner of the paper instead of its geometrical center pivot (regular rotation). From a feature extraction 
standpoint, this deformation is problematic because it is completely different from traditional image rotation. 
Therefore, the aim of this study is to investigate the nature of this irregular rotation phenomenon and provide 
an extensive analysis. We conclude that the “irregular rotation” phenomenon is simply a shear transform. Our 
finding may benefit a wide spectrum of real world applications when non-movable sensors are adopted for the 
purpose of image acquisition. Possible applications include paper fingerprinting, optical character recognition, 
and fabric texture recognition, among others. 
The remainder of this paper is organized as follows: section 2 provides an extensive investigation of the 
irregular rotation phenomena, section 3 exhibit some existing regular and irregular rotation invariant 
descriptors, section 4 describes the experiments, and section 5 presents the results. Finally, section 6 provides 
the discussion and future directions. 
2. Investigation of the irregular rotation phenomena 
The relationship between point ሺݔǡ ݕሻ in the original image and its corresponding (ݔᇱ,ݕᇱ) in the 2D matrix 
(as in the 2D image) rotated about the origin coordinate by ߠι has been investigated mathematically in [7], [8] 
and many others. The mathematical equation of this relationship is the following: 
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
Equation 1 is utilized to generate a regular rotation (rotation at the paper’s center coordinate pivot).  
However, rotation of an image based on its center coordinate pivot is only a special case, because the image 
could be rotated based on infinite pivots in its 2D plane. In general, to rotate an image based on any pivot 
position, three steps (shown in Fig. 1) are needed:  
 
x Translate the image with (tx,ty) to put the pivot from the center to, let’s say, the top right corner. 
x Rotate the image with (θ˚). 
x Return the image to its original position by retranslating it with (-tx,-ty). 
 
Thus, the steps can be defined as: 
 
1) Translation: 
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2) Rotation: 
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Fig. 1.   Image rotation based on an upper-right corner pivot: (a) Original image, (b) Translation, (c) Rotation, and (d) Retranslation 
 
 
 
 
 
 
 
 
 
                (a)                         (b)                     (c)         (d) 
tx 
ty 
-tx 
-ty 
ߠι 
155 Mohammad Faidzul Nasrudin et al. /  Procedia Computer Science  13 ( 2012 )  152 – 161 
3) Retranslation: 
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In fact, equation (4) is a more general form of equation (1) because it can achieve regular rotation in a very 
specific case, i.e., the absence of translation where tx, ty, -tx, and -ty are equal to zero. Rotation based on any 
pivot other than the origin pivot require some amount of translation, i.e., tx, ty, -tx, and -ty have values not equal 
to zero. This type of rotation gives a completely different result from the one achieved under regular rotation; 
this is the “irregular rotation” phenomenon. 
As described above, all the rotations that can be observed during the scanning process are based on a corner 
pivot. To understand the induced deformation, we conducted the following simulation: we scanned A4 paper 
with a resolution of 100dpi. The resulting image had a size of 1170*850 pixels. Assigning the geometric center 
to the point (0,0) resulted in the image corners having the following coordinates: upper-right (585,425), upper-
left (-585,425), bottom-right (585,-425), and bottom-left (-585,-425). Noted that the image considers the rows 
as columns and vice versa. 
We rotated the image by 2˚ based on a pivot placed at the upper-right corner of the paper, i.e., point 
(585,425). Therefore, the translation values tx and ty in equation 4 became 585 and 425, respectively. 
Further, we obtained the new positions of the corners: upper-right (585,425), upper-left (-584.3,465.8), 
bottom-right (555.3, -424.5), and bottom-left (-613.9, -383.6). 
In our simulation, we obtained four representative square patches placed at the corners of the image, where 
the centers of these patches are placed at a distance of 125 pixels from the corners, i.e., upper-right (460,300), 
upper-left (-460,300), bottom-right (460,-300), and bottom-left (-460,-300). Table 1 presents the new positions 
of these four points after the image has been rotated. 
The naked eye observation based on pixel-to-pixel comparison shows that the irregular deformation, in fact, 
is a shear. However, to confirm our claim, we measured the amount of a and b in the following shear equation:  
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The a and b in equation (5) represent the amount of shear along the horizontal (x-axis) and vertical (y-axis), 
respectively (Fig. 2 gives examples for both types of shear). Therefore, by replacing (x, y) with the positions of 
the patches’ centers before the rotation and (x', y') with their corresponding positions after the rotation, the 
amount of horizontal and vertical shear can be measured. For example, the amount of shear along the x and y 
axis in patch number 2, presented in table 1 is obtained by replacing (-460, 300) and (-463.7, 336.5) with (x, y) 
and (x', y'), respectively. Therefore equation 5 becomes: 
 
-463.7=-460+300a          a = 0.0124 
336.5=-460 b+300          b = 0.0794 
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Fig. 2.   Shear transformation: (a) Original image, (b) Horizontal shear, and (c) Vertical shear. 
 
 
The results obtained from this calculation for all patches are presented in table 1. 
In Table 1 we present the absolute values of the shear. The sign refers to the direction of shear, i.e., left or 
right for horizontal shear and up or down for vertical shear. Because none of these amounts are equal to zero, 
shear transformation is confirmed to exist. We also found that the obtained values of shear along the horizontal 
axis were usually greater than their corresponding values from the vertical axis. Therefore, the dominant shear 
induced by rotating an image with  θ = 2˚ from its corner pivot is horizontal. 
Table 1. New position of the patch centers before and after rotation and the amount of their horizontal and vertical shear. 
Patch 
# 
Position of patch center Amount of shear 
Before After Horizontally Vertically 
1 (460, 300) (455.7, 304.4) 0.0143 0.0096 
2 (-460, 300) (-463.7, 336.5) 0.0124 0.0794 
3 (460,- 300) (434.7,-295.2) 0.0841 0.0104 
4 (-460, -300) (-484.6,-263.1) 0.0822 0.0802 
 
 
It would seem, therefore, that rotation of an image based on a pivot placed at a point other than the center 
point generates a “shear”, as we illustrated in the demonstration. We can generalize equations (4) and (5) as: 
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where the amount of shear transform along the x axis and y axis are given by a and b, respectively. 
3. Regular and Irregular Rotation Invariant Descriptors 
Various invariant feature extraction methods have been developed to tackle regular rotation deformation. 
They are suitable in describing either texture-based or shape-based images. The coverage of those methods are 
broad and may include Rotation Invariant Simultaneous Autoregressive Model (RISAR) [9], [10], Gabor filter 
[11], [12], wavelet transform [13], [14], [15], Markov model [16], [17], Varma and Zisserman (VZ) [18], and 
Angular Radial Transform (ART) [19], [20]. Besides that, method like traditional Moment Invariant (IM) 
 
 
 
 
 
(a)          (b)       (c)    
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proposed by Hu [21] shows effective performance against rotation deformation in texture-based images as well 
as shape-based images (work provided in [22] and [23] are good examples). 
Shear deformation that could be produced from irregular rotation as illustrated in the previous section draws 
less attention compared to the regular rotation. The only existing shearing invariant descriptor method is the 
Shearing Moment Invariant (SMI) [24]. Shamsuddin [24] developed the SMI based on the traditional IM as 
illustrated in the next section. 
4. Experiments 
To confirm the theoretical findings presented in section 2, two feature extraction methods were applied and 
compared. The first method was the traditional Moment Invariant (MI) descriptor [21]. The MI is well known 
for being invariant to regular rotation. The second method was the state-of–the-art Shearing Moment Invariant 
(SMI) descriptor [24].  
 
The SMI achieves the shearing invariance by considering the following moment: 
 ߟ௣௤ ൌ ఓ೛೜ఓబబ
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 (7) is utilized to form the following seven shear invariant descriptors: 
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We designed two main experiments. The first experiment is to evaluate the performance of both MI and SMI 
on shear deformations produced under controlled conditions. Six standard images (Barbara, Cameraman, 
Fingerprint, Flintstones, House and Lena) are utilized in this experiment. Each image is sheared artificially by 
software with a value equal to 2 along the x-axis. Fig. 3 shows the original (undistorted) images and their 
corresponding sheared images.  
The second experiment is conducted to empirically confirm that the irregular rotation phenomenon is a 
shear transformation. To do this, a real world dataset has been utilized. The dataset has been developed by 
scanning 102 images from 51 ordinary A4 papers. We use loosely A4 papers, whereas the thickness of the paper 
does not affect the deformation, for practical reason. However in order to develop the dataset, each paper is 
scanned twice, one for the ideal scanning position, i.e. the rotation is θ = 0˚, and once with the corner pivot 
based rotation of roughly θ = 2˚. The obtained image from each scan has a size of 1169 × 850 pixels. Fig. 4 
shows the image acquisition process from a blank paper in both the ideal and rotated scenarios. 
 
 
158   Mohammad Faidzul Nasrudin et al. /  Procedia Computer Science  13 ( 2012 )  152 – 161 
      
      
 
Fig. 3.   Origin images (upper row) and their corresponding sheared images (lower row). (Barbara, Cameraman, Fingerprint, Flintstones, 
House and Lena). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4.   Image acquisition in both ideal and rotated scenarios. 
 
 
In each of the above experimental setups, the data were equally divided into testing and reference. The 
original (undistorted) images were used as reference data while the rest are used for testing. Later, both MI and 
SMI methods are applied separately to each dataset in the experiments. As a result, each method extracts it is 
own feature vector (seven features for both MI and SMI). To compare the similarity of two feature values, one 
from testing data and one from training, the Chi square statistic is utilized. The Chi square is defined as: 
 
 Xଶ(ǡ)ൌσ ሺெ೔ିௌ೔ሻమெ೔ାௌ೔
௡௜ୀଵ              (8) 
 
In this equation, n represents the number of features of the extracted description vectors (in our case n = 7). The 
Mi and Si are the i th feature value extracted from training and reference image, respectively. 
5. Results 
The results of the first experiment are presented in tables 2 and 3. Table 2 exhibit the results obtained from 
the IM descriptor, whilst Table 3 exhibit results obtained from the SIM descriptor. In both tables, the distances 
between feature vectors extracted from the original images (named in the first row) versus sheared images 
(named in the first column) are tabulated. Ideally, the distance between a pair of same images, e.g. original 
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cameraman and sheared cameraman should be the least at the column of the original cameraman and the row of 
the sheared cameraman. Generally, the performance of SMI outperformed the MI. The result shows that the 
SMI performance is almost reasonable, with 4 out of the 6 tested images (Barbara, cameraman, fingerprint, and 
house) being recognized correctly. The other two images (Flintstones and Lena) have been recognized as a 
third choice. In contrast, only two images (Fingerprint and Flintstones) are recognized correctly by the MI.  
Besides, the results of second experiment are presented in table 4. The presented results in Table 4 represent 
the percentages of recognized paper images. The columns with headings 1st and 2nd refer to the percentage of 
correct recognition of the test images as the first and second choice, respectively. Similarly, the column with 
heading 3rd refers to the percentage of images recognized as the third choice and beyond. As with the results of 
previous experiment, the results obtained from the second experiment show the performance of the SMI to be 
reasonable. Furthermore, the SMI outperforms the MI.       
                                                                                                                                                                                           
Table 2. Similarity distance between origin images (listed in first row) and sheared images (listed in first column) obtained from MI. 
vs. Barbara Cameraman Fingerprint Flintstones House Lena 
Barbara 0.000725 0.00070 0.00065 0.00050 0.00041 0.00069 
Cameraman 0.002805 0.00119 0.00266 0.00259 0.00243 0.00300 
Fingerprint 0.000617 0.00187 0.00019 0.00044 0.00037 0.00017 
Flintstones 0.000463 0.00090 0.00042 0.00024 0.00019 0.00033 
House 0.000253 0.00164 0.00126 0.00042 0.00048 0.00061 
Lena 0.00158 0.00202 0.00044 0.00117 0.00099 0.00090 
 
 
Table 3. Similarity distance between origin images (listed in first row) and sheared images (listed in first column) obtained from SMI. 
vs. Barbara Cameraman Fingerprint Flintstones House Lena 
Barbara 56810935.6 8041641.1 667087329.4 7286548.9 7945058.9 8250422.1 
Cameraman 77712661.6 8991.7 137860819.4 236983.2 293035.1 185556.8 
Fingerprint 392738489.6 428248353.2 115127620.4 429020669.3 427998974.2 427801823.3 
Flintstones 76386201.3 369707.8 139124140.6 321871.1 929937.8 1071105.7 
House 77845688.9 230352.2 137193862.1 592.8 53574.2 138800.4 
Lena 78779023.8 428296.7 136731346.3 1327688.3 844702.1 270572.3 
 
 
Table 4. Percentage of correct recognition of scanned images deformed with irregular rotation 
Descriptor 1st 2nd 3rd 
SMI 78.4 15.7 5.9 
MI 50.9 15.7 33.4 
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6. Conclusion and future direction  
In this paper, we have presented an extensive investigation of a new deformation phenomenon. The 
phenomenon is produced by scanning a paper that is rotated based on any pivot in its 2D plane except the 
center pivot. Thus, the produced phenomenon is called an “irregular rotation” deformation. Simulation of a real 
world problem was conducted to understand the nature of the produced deformation. The investigation also 
involved developing a new equation to sway and measure the deformation. Studying the deformation leads to 
the conclusion that the “irregular rotation” produces a shear transformation. 
To confirm our theoretical findings, two experiments were conducted. The first experiment was conducted 
on standard images sheared under controlled conditions, while the second experiment was conducted on images 
obtained from scanned papers after rotating them based on their corner pivot. The results obtained from both 
experiments show that SMI performed reasonably well.  
The experimental results show that SMI always outperforms MI. In fact, the superior result of SMI in the 
second experiment confirms that the “irregular rotation” deformation is actually a shear transformation. We can 
conclude that because MI considers many terms, including translation, rotation, scaling and shearing, it is 
vulnerable to noise. The use of SMI is a better solution for applications that involve non-movable sensors, such 
as scanners, because SMI considers only a specific deformation, i.e., shearing. 
Traditionally, feature extraction methods that consider shear deformations alone have received less attention 
when compared with those that consider affine deformations. This is due to the fact that shear deformations had 
no clear real world applications; however, the investigation provided in this paper gives evidence that shear 
deformations can be occurred in image acquisition from scanned paper. Having known the deformation, 
straight away solution might be by applying an inverse shear transform to the image. However, fail to estimate 
the correct magnitude of the shear can lead to an additional error. Our goal for the future is to create a better 
shear invariant descriptor, especially for the recognition system that is based on paper scanning.  
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